Many robust tests have been proposed in the literature to compare two hazard rate functions, however, very few of them can be used in cases when there are multiple hazard rate functions to be compared. In this paper, we propose an approach for detecting the difference among multiple hazard rate functions. Through a simulation study and a real-data application, we show that the new method is robust and powerful in many situations, compared with some commonly used tests.
Introduction
In survival data analysis, people are often interested in comparing hazard rate functions or survival curves of different treatment groups. In the literature, a large number of tests have been proposed to compare two hazard rate functions. See, for example, the so-called !,! test statistics introduced by Fleming and Harrington (Fleming and Harrington, 1991) that include the commonly used log-rank test due to Mantel and Haenszel (Mantel and Haenszel, 1959) , and the Gehan-Wilcoxon test due to Gehan (Gehan, 1965) as special cases. The !,! tests are weighted log-rank tests that are based on the weighted sum of the differences between the expected and observed numbers of events in one group at each failure time point. In the !,! tests, the weights are usually assigned using non-negative values. In different situations, it has been shown that improvement of the !,! tests can be achieved by choosing appropriate weights (Buyske, Fagerstrom and Ying, 2000; Yang and Prentice, 2010) .
In practice, the two hazard rate functions may cross each other. If this is the case, then the !,! tests would not be optimal and they may even have little or no power at all. To circumvent this limitation, negative weights have been considered and assigned to some failure time points (Moreau et al., 1992; Qiu and Sheng, 2008) . In Qiu and Sheng (2008) , the authors proposed a two-stage approach to compare two hazard rate functions. In the first stage, they used the logrank test, which has been shown to be the most powerful test when the hazard rates are proportional (Fleming and Harrington, 1991) ; in the second stage, a weighted log-rank test with possible negative weights was designed to detect the difference between two hazard rate functions in cases when they crossed each other. An overall p-value was then calculated based on the two test statistics. This two-stage test was shown to be robust and it has a good power to detect the difference between two hazard rate functions regardless whether they cross each other or not. In the literature, some other methods designed specifically for detecting the difference between two crossing hazard rate functions have been proposed either based on other functions (e.g., absolute or squared) of the differences between the two hazard rates or some modeling techniques (Lin and Wang, 2004; Liu, Qiu and Sheng, 2007; Park and Qiu, 2014) .
When there are multiple treatment groups, although the log-rank test and the Gehan-Wilcoxon test can be extended and applied, they may have little or no power if the hazard rate functions cross each other. Robust methods with good properties as those of the two-stage approach are highly desirable. However, there is no simple extension of the aforementioned two-stage approach for comparing multiple hazard rate functions. In this paper, we propose a new approach based on a series of asymptotically independent tests. An overall p-value for each test is calculated using a robust p-value combining method.
The rest parts of the paper are organized as follows. In Section 2, we describe the proposed method; in Section 3, through a simulation study, we study the numerical performance of the new test; in Section 4, we illustrate the new test using a real-data application; the paper is concluded with some concluding remarks.
Proposed Method
Suppose we have treatment groups; for group ( = 1,2, … , ), the survival function of the 
is the indicator function. In this paper, we make the conventional assumption that the surviving times !" and the censoring times !" are independent.
To test for the homogeneity of the hazard rate functions among the K groups, we consider the following hypotheses:
! : at least one S k is different than others at some time t.
In the two-sample situation (i.e., = 2), the un-weighted log-rank test is constructed as follows:
Under the null hypothesis, each ! defined in (2) has an asymptotic standard normal distribution (Qiu and Sheng, 2008) . Furthermore, let
which is designed specifically for detecting the difference between two crossing hazard rate functions, we have the following result (Qiu and Sheng, 2008) : Lemma 1. Under the null hypothesis, and ! for each m, and therefore, and , are asymptotically independent.
The sampling distribution of in (3) under the null hypothesis is hard to derive explicitly since ! ′ are correlated. However, its p-value can be estimated using bootstrap (Qiu and Sheng, 2008) .
Next, we want to generalize the statistics and to cases with multiple hazard rate functions (i.e., > 2). To this end, we will obtain K-1 pairs of and through comparing two hazard rate functions K-1 times. Specifically, for each k (k=1, 2 ,…, K-1), we compare two groups, one from the pooled original treatment groups of 1, 2, …, k, and the other is the original group of k+1, and obtain two respective statistics ! and ! . For those ! and ! , we have the following result.
Theorem 1. Under the null hypothesis, the 2(K-1) statistics, ! , ! (k=1, 2, …, K-1) are asymptotically independent .
The proof of Theorem 1 is given in the Appendix. It should be pointed out that when K=2, the two statistics ! and ! are the same statistics as in (1) and (3) obtained by the Qiu and Sheng method. Based on the properties of those statistics ! and ! , we define some test statistics.
The U test
Define the test statistic
is the inverse function of the cumulative chi-square distribution with degree of freedom (df) 1.
We will call the test ! in (4) the U test. Under the null hypothesis ! ! are asymptotically and independently distributed uniformly between 0 and 1. Therefore, under the null hypothesis, ! has an asymptotic chi-square distribution with − 1 df. Its p-value can be calculated as
The U test is an extension of the two-sample log-rank test and it has similar performance as the multiple-sample log-rank test. When the hazard rate functions are parallel, this test should be powerful.
The V test
where ! ! is the p-value from the test ! ( = 1,2, ⋯ , − 1).
We will call the test ! in (13) the V test. From theorem 1, under the null hypothesis ! are asymptotically independent. Therefore, under the null hypothesis, ! has an asymptotic chisquare distribution with df K-1. Its p-value can be calculated as
test is an extension of the weighted log-rank test which is powerful when the hazard rate functions are crossing.
The UV test
From Theorem 1, under the null hypothesis, ! , !! ( , ! = 1,2, ⋯ , − 1) are asymptotically independent. Therefore, we have the following result.
Theorem 2. Under the null hypothesis, the U test and the V test statistics are asymptotically independent.
The proof of Theorem 2 are given in the Appendix.
Based on this result, a test statistic can be constructed as ! + ! . We will call this test the UV test. Under the null hypothesis, the UV test has an asymptotic chi-square distribution with df equals 2(K-1). Therefore, its p-value can be calculated as
It should be pointed out that when K=2, the above UV test is constructed based on the two statistics U and V as obtained by the Qiu and Sheng method. However, the Qiu and Sheng approach obtains the overall p-value from U and V in a different way. Our simulation study (data not shown) indicates that our proposed UV test is usually more powerful than the Qiu and Sheng test when K=2.
A Simulation Study
In this section, we conduct a simulation study to demonstrate the performance of the U test, the V test and the UV test. We will compare these methods with the commonly used log-rank (LR) test, and the Gehan-Wilcoxon (GW) test for multiple samples. In this simulation study, we assume there are three treatment groups with hazard rate functions, ℎ ! ( ), ℎ ! ( ), and ℎ ! ( ), respectively. We assume the censoring times are uniformly distributed between 0 and 2. Two different sample sizes are considered: 50 and 100 for each group. The empirical type I error rate and power are estimated based on 1000 replicates using the significance level of 0.05. When the null hypothesis is true, we set ℎ ! ( ) = ℎ ! ( ) = ℎ ! ( ) = 1 to estimate the type I error rate. To estimate the power, we consider the following four cases, as shown in Figure 1: ( 
the three hazard rate functions are parallel; in (b), the three hazard rate functions cross once (beyond time 0); in (c), the three hazard rate functions cross twice; and in (d), the three hazard rate functions cross three times. From (a) to (d), the degree of crossing among the three risk rate functions is in an increasing order. 
A Real Data Example
In this section, we apply the proposed test to a real data set from the randomized, double-blinded Digoxin Intervention Trial (The Digitalis Investigation Group, 1997). In the trial, patients with left ventricular ejection fractions of 0.45 or less were randomly assigned to digoxin (3397 patients) or placebo (3403 patients) groups. A primary outcome was the mortality due to worsening heart failure. Figure 2 (a) plots the Kaplan-Meier curves for the two treatment groups.
In the original study, the authors used the LR test and obtained a p-value of 0.06, indicating that the evidence of the effectiveness of digoxin, in terms of reducing the mortality due to worsening heart failure, is at most marginal. However, based on the above Kaplan-Meier curves, the proportional hazard rates assumption made in the LR test may not be valid, and tests other than the LR should be considered. In fact, we obtain p-values from other methods as shown in Table 2 (a). The p-value from the UV test is 0.021; there is a relatively stronger evidence to support the effectiveness of the drug.
We then consider the possible interaction between the treatment and gender. Table 3 summarizes the data for the four groups. Figure 2 (b) plots the Kaplan-Meier curves for the four groups, which clearly shows that the LR test is not optimal as the proportional hazard rates assumption is violated. 
Discussion and Conclusion
In 
, the one-sided p-values obtained based on the test statistics ! ( = 1,2, ⋯ , − 1) can be used to obtain an overall p-value. However, if this kind of information is unavailable, the proposed UV test would be a good choice.
In each of the U, V and UV tests, we choose to combine the related p-values using the chisquare distribution with df 1 as this method is robust (Chen, 2011; Chen and Nadarajah, 2014) .
Although other robust methods of combing p-values, such as the Fisher test (Fisher, 1932) , are also possible, the weighted z tests are not recommended here since they are not robust and may lose power dramatically in some situations. In addition, for the UV test, we can combine the two p-values from the U and V tests, namely, P U and P V , with different df values df U and df V , i.e.,
If we know that the hazard rate functions are mainly parallel, we can assign a large number for df U and a relatively small number for df V . On the other hand, if the hazard rate functions are dominated by the crossing, we can assign a small number for df U and a large number for df V . When df U = df V = K-1, it is the proposed UV test.
In summary, the UV test proposed in this paper is a flexible and robust approach, which has been confirmed by a simulation study and a real data application. More specifically, we have shown that this approach has good performance in terms of controlling the type I error rate and the detecting power. In some situations, the gain in power is substantial compared with other commonly used methods, such as the LR test and the GW test.
APPENDIX
For the proofs, first, we define the following statistics:
} , ! is the total number of distinct failure times from groups 1, 2, … , + 1, and !:!
suitable weight functions defined as follows.
Without loss of generality, in this proof we assume < ′. With the weight functions !:! ( ) and ! ! :! ! ( ) defined as in (A.3), it is easy to check that the required conditions in theorem 2.6.2 of Fleming and Harrington (Fleming and Harrington, 1991) are met; therefore, based on that theorem, the covariance between !" !:! ; and ! ! ! ! !!:!! ; can be expressed as:
(i) This part can be proved in the same way as the proof of lemma 1.
(ii) From Corollary 7.2.1 in Fleming and Harrington (Fleming and Harrington, 1991) , see also Appendix A in Qiu and Sheng (Qiu and Sheng, 2008) , we know that under the null hypothesis !! ( !:! )/ { !! !:! } has an asymptotic standard normal distribution, and ! { !! !:! }/ ! !! !:! convergences to 1 in probability, where
From lemma 2, we also have !! , !! ! = 0 for ≠ ′. Therefore,
asymptotically independent.
(iii) For any ≠ ! , as in (ii), it can be shown that under the null hypothesis !:! ! and !!: (iv) For any ≠ ! , as in (ii), it can be shown that under the null hypothesis ! and each !!:! !! are asymptotically independent. Therefore, again by theorems 18.10, and 18.11 in van der Vaart (Van der Vaart, 1998), under the null hypothesis ! and !! are asymptotically independent.
Proof of theorem 2.
Under the null hypothesis, the U test is the sum of − 1 asymptotically independent chi-square distributions each with df 1; and the V test is the sum of another − 1 asymptotically independent chi-square distributions each with df 1. The two sets of chi-square distributions are mutually asymptotically independent, therefore, under the null hypothesis, the U test and the V test statistics are asymptotically independent. 
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